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Abstract. We give a geometric realization of cohomologically induced (0, K)- 
modules. Let {h,L) be a subpair of {q,K). The cohomological induction is 
an algebraic construction of (g, ii')-modules from a (h,L)-module V. For a 
real semisimple Lie group, the duality theorem by Hecht, Milicic, Schmid, and 
Wolf relates (g, lS")-modules cohomologically induced from a Borel subalgebra 
with O-modules on the flag variety of g. In this article we extend the theorem 
for more general pairs (g, K) and (f), L). We consider the tensor product of a 
D-module and a certain module associated with V, and prove that its sheaf 
cohomology groups are isomorphic to cohomologically induced modules. 

1. Introduction 

The aim of this article is to realize cohomologically induced modules as sheaf 
cohomology groups of certain sheaves on homogeneous spaces. 

Cohomological induction is defined as a functor between the categories of (g, K)- 
modules. Let {q,K) be a pair (Definition 12. ip and let C(q,K) be the category 
of (g, iir)-modules. Suppose that {i),L) is a subpair of {9,K) and that K and 
L are reductive. Then the forgetful functor C{g,K) — C([),L) has a left (resp. 
right) adjoint functor P^f : C([),L) ^ C{q,K) (resp. /^^'f : C(f),L) ^ C{q,K)). 
When = f), the functor I^'^ = I^'^ is called the Zuckerman functor. Let V 
be a ([), -L)-module. We define the cohomologically induced module as the {g,K)- 
module {P^'j^ for j G N, where {P^'j^ )j is the j-th left derived functor of P^'j^ . 

Similarly, we define {I^''^y {V), where {I^'^y is the j-th right derived functor of 
tb,k 

This construction produces a large family of representations of real reductive Lie 
groups. Let C?k be a real reductive Lie group with a Cartan involution 9 so that the 
group of fixed points i^R := (Gr)^ is a maximal compact subgroup. Let g be the 
complexified Lie algebra of Gr and K the complexification of i^R. We give examples 
of cohomologically induced (g, /C)-modules below. In the following three examples 
we suppose that f) is a parabolic subalgebra of g and L is a maximal reductive 
subgroup of the normalizer Nk{^)- We also suppose that F is a one-dimensional 
(f), L)-module. 

• We assume the rank condition rank g = rank K and that [} is a 6'-stable Borel 
subalgebra. Then under a certain positivity condition on T/, {P^'^)s{y) 

(or {Iff'i,Y{V)) is the underlying (g, iir)-module of a discrete series repre- 
sentation of Gjf. Here s — ^ dimiiT/L. 

• Suppose that f) is a ^-stable parabolic subalgebra. Then the (g, X)-module 
[P^'l)s{^) (o"" {^t'LYi^)) called Zuckerman's derived functor module 
A[,(A). Here s ^ \ diuvK/L. 

Key words and phrases. Harish-Chandra module, reductive group, algebraic group, D-module, 
cohomological induction, Zuckerman functor. 
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• Let Pk be a parabolic subgroup of Gr and suppose that i) is its complexified 
Lie algebra. Then {I^'^)'^{V) is the the underlying (g, ii')-module of a 
degenerate principal series representation realized on the real flag variety 
Gr/ Pr- 

The localization theory by Beilinson-Bernstein |BB81j provides another impor- 
tant construction of (g, -fir)-modules. It gives a realization of (g, _ft')-modules as 
if- equi variant twisted P-modules on the full flag variety X oi q. 

These two constructions are related by a result of Hecht-Milicic-Schmid-Wolf |HMSW87] . 
We now recall their theorem. Let Gr be a connected real reductive Lie group and 
let (g, K) be the pair deflned in the above way. Suppose that f) = b is a Borel 
subalgebra of g and L is a maximal reductive subgroup of the normalizer iVi<-(b). 
Let X be the full flag variety of g, F the if-orbit through b G X, and i : Y ~^ X 
the inclusion map. Suppose that V is a (b, L)-module and b acts as scalars given by 
A S b* := Homc(b,C). Write Vy for the corresponding locally free Oy-module on 
Y and view it as a twisted P-module. Let 'Dx,\ be the ring of twisted differential 
operators on X corresponding to A and define the PjcA-module direct image i+Vy- 
Then the following is called the duality theorem: 

Theorem 1.1 ( [HMSW87p . There is an isomorphism of {g, K) -modules 

top 

for s G N and u = dim. K/L — diml". Here the left side is the K -finite dual of the 
{Q,K)-module W{X,i+Vy). 

In |HMS W87] , they proved the theorem by describing the cohomology groups of 
the both sides by using standard resolutions and giving an isomorphism between 
the two complexes. We note that by using the dual isomorphism f |KV951 Theorem 
3.1]) )i(F)* ^ il^fyiV*), TheoremOis deduced from 

top 

(1-1) il'iX,t+Vy) iP^'f )u-s{V(^/\i9/b)). 

The relation between the cohomological induction and the localization has been 
studied further (see |Bie9n) . |(Jha93) . |KitlO] . |MP98) . |Sch91j 'l. Milicic-Pandzic |MP98j 
gave a more conceptual proof of Theorem 11.11 by using equivariant derived cate- 
gories. In jCha93j and |KitlO| . Theorem 11.11 was extended to the case of partial flag 
varieties. 

In this article we will realize geometrically the cohomologically induced modules 
in the following setting. Let i : — > G be a homomorphism between complex 
linear algebraic groups. Suppose that K is reductive and the kernel of i is finite so 
that the pair (g, K) is defined. Let H he a closed subgroup of G. Put M := i~^{H) 
and take a Levi decomposition M — L k U. We write i : Y ^ K/M — > G/H = X 
for the natural immersion. Let be a (t), M)-module. We see F as a ((), L)-module 
by restriction and define the cohomologically induced module {P^'j^)j{V). In this 
generality, we can no longer realize it as a (twisted) 2?- module onX — G/H. Instead 
we use the tensor product of an i^^Vx-module and an i^^Ox-module associated 
with V which is equipped with a (g, if )-action (see Definition 13. 3p . We now state 
the main theorem of this article. 

Main Theorem (Theorem 14. ip . Suppose that V is an i^^Qx-module associated 
with V (see Definition \3.S\) . Then we have an isomorphism of [q, K)-modules 

top 

\l^Y,^-^l+C®,-^o. V) ^ iPlf)u^.{v ® /\{q/1))) 
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for s e N and u — dimU . 

Here C is the invertible sheaf on Y defined in the beginning of Section |4] and the 
direct image i+C in the categories of X'-modules is defined as 

i* {{C (g>Oy ^y) ®Vy i*T^x) ®Ok ■ 
Hence its inverse image i~^i+C as a sheaf of abehan groups is given by 

{C (^Oy ^y) ®Vy i*T^x ®j-iOx i^^^'x- 
We note that if V comes from an algebraic i7-module, then we can take V to be 
i~^Vx, where Vx is a G-equivariant locahy free Ox-module with typical fiber V 
(Example [S3]). 

The work of this article was motivated by the study of branching laws of repre- 
sentations. In [Oshll] a special case of Theorem 14.11 was proved and it was used to 
get an estimate of the restriction of A^{X) to reductive subalgebras. 

This article is organized as follows. In Section [5] we recall the definition of 
cohomological induction following |KV95| . In Section [3] we give a definition of an 
«~^0-module associated with a ([), M)-module V. We state and prove the main 
theorem (Theorem 14. ip in Section |4l Our proof basically follows the proof of the 
duality theorem in [HMSW87) . Section [5] is devoted to the construction of an i"^©- 
module associated with a ([), M)-module V, which can be used for the geometric 
realization of cohomologically induced modules. In Section [51 we see that the 
module i~^i+C ® V can be viewed as a twisted 2?-module if f) acts as scalars on V . 
Therefore, Theorem 14.11 reduces to the isomorphism (jl.ip and hence Theorem ll.il 
in the particular setting. 

2. Cohomological induction 

In this section we recall the definition of the cohomological induction following 
|KV95j . 

Definition 2.1. Let g be a Lie algebra and K a complex linear algebraic group 
such that the Lie algebra t of X is a subalgebra of q. Suppose that a homomorphism 
(j) : K ^ Aut(g) of algebraic groups is given, where Aut(g) is the automorphism 
group of g. We say (g, K) is a pair if 

• </>(•)!{ is equal to the adjoint action Ad{(if ) of K , and 

• the differential of is equal to the adjoint action adg (4) . 

Let i : K G he a, homomorphism of complex linear algebraic groups with 
finite kernel and let g be the Lie algebra of G. Then (g, K) with the homomorphism 
(j) '■= Ad o i is a pair in the above sense. 

Definition 2.2. Let (g, K) be a pair and let F be a complex vector space with a Lie 
algebra action of g and an algebraic action of K. We say that is a (g, K)-module 
if 

• the differential of the action of K coincides with the restriction of the action 
of g to f , and 

• {(t>{k)C)v = k{i{k-^{v))) ioTkeK,^e g, and veV. 

We write C(g, K) for the category of (g, i4r)-modules. Suppose that K is reductive 
and define the Hecke algebra i?(g, K) as in |Oshll) . If K-r is a compact real form of 
K, this algebra is R{q,Kts) in the notation of |KV95) . Any (g, i^)-niodule can be 
naturally viewed as a left i?(g, _ft')-module. If g = 4, we simply denote R{g,K) = 
R{i,K) by RiK). 

Let {q,K) and ((),i) be pairs in the sense of Definition 12.11 Suppose that K 
and L are reductive. Let i : (f),i) — t- {q, K) be a map between pairs, namely, a 
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Lie algebra homomorphism «aig ^ f) ~^ and an algebraic group homomorphism 
igp : L ^ K satisfy the following two assumptions. 

• The restriction of iaig to the Lie algebra [ of L is equal to the differential of 

Zgp. 

• </'K(*gp(0) ° *aig ~ iaig ° for I G L, where 4>k denotes (f) for {q,K) in 
Definition 12.11 and <j>L denotes (p for {i),L). 

Then we can define the forgetful functor For^;^ : C{g,K) C{l),L). The left and 

the right adjoint functor of For^']^ are given as 

jsf : V ^ (Hom^(„,i)(i?(0,i^), V))k, 

respectively. Here {■)k denotes the subspace of if-finite vectors. Then P^'j^ is right 

exact and I^'^ is left exact. Write {P^']^)j for the j-th left derived functor of P^'j^ 

and write {I^'^Y for the j-th right derived functor of I^'^ ■ For a (f), L)-module V, 

the (5, Jr)-modules {P^'L)j{V) and (-f^'^)-' (V^) are called cohomologically induced 
modules. 

3. O-MODULES ASSOCIATED WITH (g, iiT )-MODULES 

Let G be a complex linear algebraic group acting on a variety (or more generally 
a scheme) X. Let a : GxX X he the action map and p2 : GxX ~¥ X the second 
projection. Write Ox for the structure sheaf of X and a* , P2 for the inverse image 
functors as O-modules. We say that an Ox-module 7W is G-equivariant if there is 
an isomorphism a*Ai ~ P2-^ satisfying the cocycle condition. For a G-equivariant 
Ox-module A4, the G-action on Ai differentiates to a g-action on M. 

Definition 3.1. Suppose that 7J is a closed algebraic subgroup of G and X = 
G/H is the quotient variety. For an algebraic module V, define Vx as the G- 
equivariant quasi-coherent Ox-module that has typical fiber V. 

The category of G-equivariant quasi-coherent Ox-modules is equivalent to the 
category of algebraic i?-modules, and Vx is the Ox-module which corresponds to V 
via this equivalence. It also corresponds to the associated bundle G Xh V G/H. 
The local sections of Vx can be identified with the 1/- valued regular functions / 
on open subsets of G satisfying f{gh) = ■ f{g) for h ^ H . We often use this 
identification in the following. 

Note that Vx is locally free if V is finite-dimensional. Indeed, let wi, . . . ,w„ be 
a basis of V and take local sections wi , . . . , w„ such that Vi (e) — Vi for the identity 
element e £ G. Then the map O^" Vx given by {fi)i 1— )■ f-i^i defined 

near the base point eH E G/H and is an isomorphism on some open neighborhood 
of eH. 

Suppose that X is a smooth G- variety. Then the infinitesimal action is defined 
as a Lie algebra homomorphism from the Lie algebra g of G to the space of vector 
fields T{X) on X. Denote the image of ^ € g by ^x G T{X). Then ^x gives a 
first-order differential operator on the structure sheaf Ox- Let gx := Ox €5c 0- 
This module becomes a Lie algebroid in a natural way (see jBB931 §1-2]): the Lie 
bracket is defined by 

[/ ® 5 ® ^] = /5 ® K, V] + fUig) ®ri-grix if) ® ^ 

for /, g e Ox and £,,r] £ q. Here / £ Ox means that / is a local section of Ox- 
Similar notation will be used for other sheaves. Write J7(gx)(— Ox <Xi C/(g)) for 
the universal enveloping algebra of gx. Then a f7(0x)-module is identified with 
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an Ox -module M with a g-action satisfying £,{fm) = Ca:(/)™ + fi^'m) for ^ £ g, 
/ e Ox, and m e M. 

Let 73c be the tangent sheaf of X and let p ■ Qxi— Ox ®c s) -> 7x be the 
map given by / C>5 ^ i— ^ /Cx- Then the kernel H :— kerp is isomorphic to the 
G-equivariant locally free Ox-module with typical fiber f). Let Vx be the ring of 
differential operators on X. The map p extends to p : U{qx) ^ 'Dx and descends 
to an isomorphism of algebras 

(3.1) U(3x)/U(sx)n^Vx. 
We will work in the following setting. 

Setting 3.2. Let i : K G he a homomorphism of complex linear algebraic groups 
with finite kernel. Let iJ be a closed algebraic subgroup of G. Write M :— i^^{H), 
which is an algebraic subgroup of K, and write X := G/H and Y := K/M for the 
quotient varieties. The map i : K ^ G induces an injective morphism between the 
quotient varieties i : Y ^ X and an injective homomorphism between Lie algebras 
di : t — > 0. We identify t with its image di{i) and regard I as a subalgebra of g. 

In particular, (g, K) and (f), M) become pairs in the sense of Definition [5111 where 
f) is the Lie algebra of H. 

Let e € K he the identity element and let o := eAI e F be the base point of Y. 
Write 

Iy := {./ e Ox ■■ f{y) - for y e Y}, 
lo := If G Ox ■■ f{o) = 0}, 

so Iy is the defining ideal of the closure y of y. It follows that i'^Oxjl-Y — Oy ■ 
Here denotes the inverse image functor for the sheaves of abelian groups. For 
an «~^Ox-module M., the support of the sheaf M.I{i~^Xc)M. is contained in {o} 
so it is regarded as a vector space. 

Let Yp be the scheme (Y, i~^Oxl^YY) for p > 1. If locally we have X = Spec A, 
Y = Spec/, and Y is closed in X, then Yp — Spec(A//P). The scheme Yi is 
identified with the algebraic variety Y . If M is an i^^Ox-module, then the sheaf 
M./{i~^lYYM can be viewed as an Oy^-module. 

The inverse image i~^U(Qx) of U (gx) is a sheaf of algebras on Y and an i^^Ox- 
bimodule. We will call i~^C/(gx)-modules simply i^^gx-modulcs. The A'-action 
on i-^Qx is given hy f ® £, ^ {k ■ f) ® Ad{i{k)){£_) for / e i^^Ox, ^ S g, fc £ AT. 
Suppose that M is an i~^gx-module and let i^^Qx ® M ^ M he the action map. 
Then the inclusion g • {IyT C {IyT'^ induces a map i~^Qx ® M / [i'^IyY M 
A4/{i~^lYy~^-M- The if-actions on X and Y induce a i^T-action on Yp. Since Y 
is iiT-stable in X, we have t ■ {IyY C [IyY ■ Therefore, we can define a l-action 
on Similarly, we have f) • Iq C Xo and we can equip M/{i^^Io)M 

with a f)-module structure. 

Definition 3.3. Let F be a ((), M)-module. We say an i~-'^gx-module V is associ- 
ated with V if V/(i~^lY)PV is a AT-equivariant quasi-coherent Oy^-module for all 
p > 1 and the following five assumptions hold. 

(1) The canonical map 

V/{i-^TyYV v/(r izy)p-iv 

commutes with if- actions for p >2. 

(2) V/(i-iXy)PV is a flat Oy^ -module for p>l. 

(3) The action map r^gx «) V/(i"iXy)PV ^ V / {i-^lYY~'^V commutes with 
AT-actions for p> 2. Here K acts on i^^gx 'S> V/(i^^Iy)PV by diagonal. 
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(4) The ^-action on V/(i^^Ir)''V induced from the g-action on V coincides 
with the differential of the if-action on V / [i^^IyYV for p>l. 

(5) There is an isomorphism t : V/(i^^Xo)V ^ V which commutes with tr- 
actions and M-actions. 

Remark 3.4. The g-action and the iiT-action on V induce a ()-action and an Ab- 
action on V / {i^^Io)V . The conditions (3) and (4) imply that V /{i~^Io)V becomes 
a (f), M)-module. 

Example 3.5. Suppose that V is an i7- module and define the G-equivariant quasi- 
coherent Ox-module Vx as in Definition 13.11 The G-action on Vx induces a g- 
action and a iiT-action on Vx- Then by regarding F as a (t), M)-module, i~^Vx is 
associated with V. 

We will construct an i~^gx-module associated with an arbitrary (f), Af)-module 
in Section [5] 

Example 3.6. Let V and W be i~^gx-inodules associated with (f), M)-modules V 
and W, respectively. Then the tensor product V ®i-iOx ^ associated with the 
(f),M)-module F (g) 1¥. 

We can define the pull-back of i^^gx-modules associated with V in the following 
way. Let K', G', H' be another triple of algebraic groups satisfying the assumptions 
in Setting 13.21 In particular, the map i' : K' ^ G' induces a morphism of the 
quotient varieties i' : K'/M' ^ G'/H', where M' := {i')~^{H'). Suppose that 
ipK ■ K' — > K and (/j : G' — > G are homomorphisms such that the diagram 




commutes and that f{H') C H. Then ^pk{M') C M. The maps induce 
morphisms ip : X' := G'/H' X, ipn : Y' := K'/M' Y and ipp : Y^ := 
(Y', [i')'^Ox' /{Iy'Y) Yp. We get the commutative diagram: 




Suppose that V is an i ^gx-module associated with a (f), A/)-module V. Let V' := 
{i')-^Ox' ®{^ot')-Wx "Pk^^- We define a g'-action on V by ^(/ (g> v) ^ ^x'if) 
V + f y^iO^ foi" f G fl': / G and V e ^x^V so that V" becomes an 

{i')~^Q' x'-modu\e. Since 

v'/{{t')-'iY'rv' 2. {t')-'ox'/{iY'r ^ ip;{v/{t-'iYrv), 

the sheaf V' / {{i')~^lY'yV is a if'-equivariant quasi-coherent Oy^z-module. We 
can easily show the following proposition by checking the five assumptions in Defi- 
nition [ 



Proposition 3.7. Let V be a {\),M) -module and V an i ^Qx-module associated 
with V . Then the {i')~^ g' x' -module {i')~^Ox' ^(^poi')-^Ox associated with 

the {l)',M')-module For[;']^f' (F)- 
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4. LOCALIZATION OF COHOMOLOGICAL INDUCTION 

We retain Setting 13.21 In this section, we assume moreover that K is reductive. 
Let M = L t<U he a. Levi decomposition of M, where L is a maximal reductive sub- 
group of M and U is the unipotent radical of M . The corresponding decomposition 
of the Lie algebra is m = I © u. 

Let y be a (f), Af)-module. We can see F as a ((), L)-modulc by restriction and 
then define the cohomologically induced module {P^'L)j{V) as in Section O 

In order to state the main theorem, we need a shift of modules by a character (or 
an invertible sheaf) that we will define in the following. Write A'°^(V0 fo'^ the top 
exterior product of t/l and view it as a one-dimensional L-module by the adjoint 
action. Since K and L are reductive, the identity component of L acts trivially 
on We extend the L-action on A'°^(V0 an M-action by letting U 

act trivially. Define C as the i^-equivariant locally free Oy-module on y K/M 
whose typical fiber is isomorphic to the M-module /\^°^{t/V). The iiT-action on £ 
differentiates to a {-action. Then C becomes a ?7(?y)-module and the kernel of 
the map iy ^ Tr acts by zero because the identity component of M acts trivially 
on Therefore, C has a structure of left 2?y-module via the isomorphism 

(ICT) for Y. 

Recall that the direct image i^C of £ by i in the category of left P-modules is 
defined as 

where is the direct image functor for sheaves of abelian groups, VLy is the canon- 
ical sheaf of Y , and Vl^ is the dual of the canonical sheaf of X. Via the map 
P ■ U{2x) — ^ T^x, we can see i+C as a gx-module. The inverse image i^^i+C as a 
sheaf of abelian groups is 

r^i+C = (C ®Oy ^y) ®Vy i*'Dx ®t-^OK i^^^x, 

which has an i^^gx-module structure. We note that the functor i^^i+ is exact. 
Define subsheaves of Vx by 

FpVx := {DeVx: D{Iy)P+' C ly} 

for p > 0. They are Ox-bi-submodules of Vx and form a filtration of Vx- It 
induces a filtration of i^^i+C: 

Fpi-H+C (£ (g)Oy ny) ®Vy i*FpVx ®^-^Ox i'^^x- 

It follows from the definition of FpT>x that Fpi^^i+C is annihilated by {i^^Iy)^'^^ 
and hence is regarded as a quasi-coherent Oy ^^-module. 
Here is the main theorem of this article: 

Theorem 4.1. In Setting we assume that K is reductive. Let AI — L « U 
be a Levi decomposition. Suppose that V is a {\), M)-module and that V is an 
i~^gx-module associated with V {Definition \3.3\) . Then we have an isomorphism 
of (g, K) -modules 

top 

ff(y,z-iz+/:®,-io^ V) ~ (P^f )u-s{v ® /\ig/t))) 

for s G N and u — AivaU . (See the remark below for the definition of the {q,K)- 
action on the left side.) 

Remark 4.2. Since i^^i+C and V have i^^gx-module structures, the tensor prod- 
uct i~^i+/l (^i-iox ^ becomes an i^^gx-module. This gives a g-action on the 
cohomology group W {Y,i^^i+£ ^i-^Ox order to define a if-action, we 
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use the filtration Fpi ^i+C defined above. By definition, [i ^Iy)P+^ annihilates 
Fpi^^i^C and hence 

(4.1) Fpi-H+C ®^-iOx ^ - Fpt-h+C ®o^, Vlii-^XyfV 

for p < q. Sinee V / {i^^IyYV is a flat Oy^-module by Definition 13.31 (2). the map 

Fp^ii^^i+C (E)i-iOx "1^ Fpi^^i+C <E)i-iOx ^ 

is injective. We let K act on the right side of (j4.ip by diagonal. Then it gives a 
iC-action on IL^iY, Fpi~^i+C ^^-iq^ V). Using the isomorphisms 

R'iY,r'i+C(g>,-io, V)^R'{Y,i\u^Fpr'i+C) ®,-.Ox V) 

p 

c^Yi' {Y,\Ym{Fpi-\+C®,-.Ox V)) 
p 

c^\\^W{Y,Fpi-\+C®,-iOx V), 
p 

we define a iiT-action on H*(y, V). With these actions, H''(y, i^^i+C®i- 

V) becomes a (g, A')-module because of Definition 13.31 (3) and (4). 

Proof. Let X G/L and Y := K/L be the quotient varieties. We have the 
commutative diagram: 




where the maps are defined canonically. 

Let i+ : D^(Py) B^iVx) denote the direct image functor between the 
bounded derived categories of left P-modules. Similarly for i+, 7r+, and (7rx)+. 
We have 7r+ o ~ o {t:x)+- Since ttk is a smooth morphism and the fiber is 
isomorphic to the affine space C", it follows that {ttk)+^^ — €,[u] (see HMS W87] ) . 
Here C[u] G 'D^{'Dy) is the complex (••■^0—>£—!>0— !■•••), concentrated in 
degree —u. Therefore, i+{TTK)+^^ — i+C[u] in D^CDx)- 

Since L is reductive, the varieties X and Y are affine by Matsushima's criterion. 
Hence the functor is exact for quasi-coherent 2?-modules and tt* is exact for 
quasi-coherent O-modules. 

Denote by Tj^^x ^^'^ sheaf of local vector fields on X tangent to the fiber of tt, 
and denote by ^x/x ^'^P exterior product of its dual T~^^- We note that there 

is a natural isomorphism ^x/x — ^x Tr*flx- Recall that for J\4 G D'^(Pj^) 
the direct image tt^M is defined as 

TT+M ^TT^dM (g>0~^x)(E)'^^ TT*Vx) (g>Ox ^x- 

The left Pj^-module tt*Vx has the resolution (see |HMSW87[ Appendix A.3.3]): 
(4.2) V^(Sa^/\T^^^^n*Vx, 
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where the boundary map d ow-T)^ ^x/x given as 

L> ® fi A • • ■ A 6i 

d ^ 

^ ® fi A • • • A 6 A • ■ • A 

1=1 

+ H [S,^-]Afi A •••A6; A •••AO A •••Afd. 

l<i<j<d 

The right 7r^^2?^-module structure is not canonicahy defined on the complex, but 
the 0-action can be described as 

C(-D a A • • • A id) - -D^^ ® fi A • • • A ei + D ® A • • • A ei) 

for £, € Q- Here we use the g-action on /\Tji^-^ induced from the G-equivariant 
structure. 

By using the resolution (|4.2p . the direct image Tr+z+fi- is given as the complex 



Y 

m 

As a result, we have 

i+C[u] ~ TT* A'^x/x ^x IX 
and hence 

(4.3) r^i+C\u\ ~ ®o^f\Txix 

^ (7rif)*^ri?+r2^ ®i-io^ ^^^[/\Tx/x ^x/x)^ 
There is a natural morphism of complexes of z^^Oj)s:-modules 

(4.4) ij: {TiK)*{i'^i+^f®i-^Ojii'\'/\rx/x®Oj^^x/x)^ ®^-^Ox^ 



We claim that -0 is an isomorphism. Indeed, if Fpi^^i^VC-, denotes the filtration of 
defined in a way similar to Fpi~^i^C, then we get a map 



:/x ^x/x) j ®*-iOx V 



{TrK).(^Fpr^~i+n'^ ®i-iO~ ^^^(j\Txix ®o-^^x/x) ®^-^\-^Ox '^^^^ 



It is enough to show that ■i/'p is an isomorphism for all p > because lin^ ^ Fpi ^«+fi~ ~ 

i^-'^i+ri-. Since the ideal t:^ [i^^Iyy^^ of ir^i^^Ox annihilates Fpi^-'^i+fi- , we 
have 

{■nK)*{Fpi~^U^^Y ®i-^Oji ~^^^{}\^x/x ®Ox ^x/x)^ ®i-^Ox ^ 
^ (^Fpl-H+^l r^(i\Tx/x ®Ox {V/ii-'lYf+'V). 
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By Definition 13.31 f2). V / {i^^IyY^^V is a flat Oy^^j -module. Hence the projection 
formula shows that Tpp is an isomorphism and the claim is now verified. 
The successive quotient of the filtration 

d 

FpM := Fpr'l+nl ®,-io~ r 1 (/\ r^/^ r!^/^) ®^-^^,-^o^ ^K^^ 

is 

d 

which is a quasi-coherent O^-module. Since Y is affine, it follows that H'* (F, FpAd /F^ 
for s > 0. Hence W{Y,FpM) = and 

d 

H^ (y, r'l+^l (A ^x/x ®Ox ^x,x) ®.-^-iOx ^k'^) = 

for s > 0. By (|4.3p and (|4.4p . we conclude that 

V) 

Since t'^flj^ Oy ^*^x' have 

rl?+r!^ ®J-iOx ~^'\l\Tx/X ^x/x) ®.-^'^-^0^ ^K^^ 

^ Oy rv^ ®i-'o^i~^ /\Tx,x ®.-^\-^Ox ^k\^ ®^-^Ox i'^^x)- 
If we put 

d 

then we obtain 

(4.5) (F, i-\+c V) ~ ff-"r(y, Op rv^ v). 

The boundary map 
is given by 

^ Y^i-^^y'"^! ® dI, ®ii ^ ■ ■ ■ f\ ■ ■ ■ ^^d® V 

i=l 
l<i<j<d 

where / G Op, £> £ Ci; ■ • ■ e «~^7^/x: and u £ 7r^^(V ^^-lo^ 

The right side of (|4.5I) can be computed by using the following lemma. 

Lemma 4.3. Let V' be an {\, L)-module and V' an l^^Q^-module associated with 
v. Then 

T{Y,Oy rV^ V) ~ R{q,K) ®uiL) v. 
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Proof. The proof is similar to that of [Oshlll Lemma 3.4]. 

Using the right ^-module structure of we can define a g-action p on 

the sheaf i*2?^ <8>f-io- V" by 

for ^ e g, D e , and v G V. Moreover, the sheaf i*!)^ ^i-w^ V' is K- 

equivariant. We denote this if-action and also its infinitesimal J-action by v. Def- 
inition 13.31 (4) implies that the t-action i/ is given by 

u['q){D ®v)^ ® w — Drjj^ ® v + D ® rjv 

for T] £ t. Here, riyD and Drj^ are defined by the (Py , i~^2?j^)-biniodule structure 
on TT)^. Then it follows from Definition 13.31 (3) that TiY ^TV ^ ®i-^o~ V) is a 
weak (g, if )-modulc in the sense of |BL95| . namely, 

for k € K and ^ S g. Put id{ri) := 1^(77) — p[ri) for t] E t. Then ^(77) is given by 

Lo{ri){D ®v) — rjyD ® v. 

Since Y is an affine variety, T{Y, Vy) is generated by U{V} and 0{Y) as an algebra. 
Therefore, 

^ r(r, rv^ ®,^.o^ V) / c^({)r(?, rv^ (g>,-ia^ V). 

Let e € K he the identity element. Write := eL £ Y for the base point 
and io '■ {0} Y for the inclusion map. Let Iq be the maximal ideal of Oy 
corresponding to 0. The fiber of i*!)^^ V" at o is given by 

The actions p and on '^i-iojj^ "l^' induce a g-action and an L-action on W. 

With these actions, W becomes a (g, L)-modulc and there is an isomorphism 

(4.6) if : C/(g) V ^ W. 

This can be proved by using [Oshlll Lemma 3.3] and Definition 13.31 (see the proof 
of [Oshlll Lemma 3.4]). Hence we have 

TiY,rv^ ®,-.o^ V) - R[K) {U{9) ^ud) V). 

The rest is the same as [Oshlll Lemma 3.4]. □ 

Let us compute the cohomological induction {P^'^)s{V <E) A*°^(fl/'l)) t>y using 
the standard resolution f [KV95l §11.7]). The standard resolution is a projective 
resolution of the ((), L)-module V f\^°^iQ/i)) given by the complex 

• top 

where the boundary map 

d top d—1 top 

d' : u{tj) ®u(i) (A(fi/o ® ^ ® A(0/^)) ^ ^(^^ ®f^(o ( A (^/o ® ^ ® A(fl/'i)) 
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IS 

Z? «) ^ A • • • A ^ w 
d ^ ^ 

^ ®6"A---AfA---A6^®i;-i?(8)6"A---AelA---Ae^(8) ^^v) 

l<i<j<d 

for D e [/(()), $1, • ■ • e f), and i; e (g) A*°^(0/f))- Therefore, 
(4.7) 

top , • top 

top 



ff-"i?(g, i^) (/\(f)/[) y ® A(0/'')) ' 



where the boundary map 

d top d— 1 top 

d' : if {/\{i)/l)<S>V<»/\{s/i))) ^ ^(fl, ( A (f)/0®V^® A^S/"!) 

is given by 

D «) 6 A • • • A «) u 

^ (^^^ ®6"A---AfA---Ae^®'y-D(8)aA---AllA---Ae^®C^^') 

1=1 

+ H (-1)^+^1? ® fe, ej]A6"A---AelA---A§"A---AC^®i; 

l<i<j"<d 

for e i?(0, if), Ci, • • • , Cd e (), and w e 1/ ® A*°''(0/f))- 
Put 

d top 

V-'' ■■= f\{i)/l)^V(E) /\{Q/i)) 
for simpHcity. We identify the fiber of Tj^^^ with [)/[ in the following way: if a 
vector field ^ € Tx/x equals — at the base point eL E X for ^ G (), then ^ takes 
the value ^ G f)/[ at e e G. Similarly, the fiber of ,^ is identified with A'°'^(0/'i)- 
Then V""* is associated with V~'^ by Example 13.51 and Example 13.61 From 



and (j4.7l) it is enough to show that the isomorphisms ip given in Lemma 14.31 for 
V' = V^"^, < d < dim(f)/[) commute with the boundary maps. This reduces to 
the commutativity of the following diagram: 

d' 

(4.8) U{q) ®u{i) U{q) C^Juh) V-^+' 



d 



iHrv^ v-"^) — - iiirv^ ®^-.o^ v-'^+i) 

Here, ip"^ is the map ip of (|4.6p for V — V~'^. 

Let us prove that the diagram (14. 8p commutes. A section / e i*Vj^ S^i-io- 
defines a section of i*(?*2?^ V"'') and hence defines an element of U (q)'E)u(i) 
V^'^ via the isomorphism p"^ . We write i*/ G U{q) ®uH) V^'^ for this element. Put 
Z := H/L and write iz '■ Z ^ X for the inclusion map. Then iz{Z) = 7r^^({o}) 
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and there is a canonical isomorphism VzTxix — ^'-'^ ^i) ' ' ' G 1) ^'^d v G 

m:=^A---A^(g)t; G F"**. 

We will choose sections G i~^Tj^/x ^^'^ ^ ^ ''^IcO^ '^i-^Ox ^ neigh- 

borhood of the base point o G F in the following way. Take G T^/x ^^^^ that 
^i\z G iz'T'x/x corresponds to — (^i)z- Then it gives a section of ?~^7^/x' which 
we denote by the same letter We take a section v G T^^iy ®i-^Ox o^- 
a neighborhood of o such that i*gV corresponds to v. Define a section fh G V~'^ in a 
neighborhood of o as 

m:=|iA---A^0t;G V"''. 
Then the element ®m) is represented by the section 

1 ® m G i*V^ ®i-^o-^ V"'', 

in other words, i*{l®m) = l®m. 
We have 

9(1 m) 

d ^ 

= A • •• A^i A • •• AC~d ® ^0 

1=1 

+ (-1)'+'' (1<»[S,^] ACi A--- AfiA---A^- A--- ACdO^^) 

l<i<j<d 

and 

d'{l m) 

i=l 

+ (-1)'+^' (I^H^A^Ta--- AtA---Ag"A--- a|^0v). 

i<j<j<d 

Since ^,|z corresponds to — the vector fields and (^i)jf have the relation 
= — ^t Recall that the g-action on Tx/x defined as the differential 
of the G-equivariant structure on it. Hence our choice implies that • = 
-{[^i^^j])z- As a result, 

^*o{l^®^lf\■■■^l^^■■■^id®v) 

= «o(pte)(l<^fi A--- A6 A--- Afd0v)) - A--- aI; A-.-Afd^^iv) 

- ^olli^^i A---AfiA---Af,_i A(^i-^)Af,+i A---Afd0^y) 

l<i<j<d 
l<j<i<d 

= ^i^'^A---A'^iA---AU^v-l^'^A---AfiA---AU^^iV 
+ (-l)'^'(l^K^^Aa A---A|'A---Ag'A---Aei0t') 

l<i<j<d 
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l<j<i<d 

Moreover, corresponds to [~{S,i)z,~{£.j)z] = {[£.i,S.j])z- Hence 

i : ( 1 ® [e» , ] A a A • • • A A • ■ ■ A ei- A • ■ • A ® ^y) 



= - 1 ® Cj] A Ci A • • • A A • • • A A • • • A 
We thus conclude that 

(/-i)-ioao/(l(g)m) 
= i*(a(l(8)m)) 

/ ^ ^ c 

+ H K»,0]AfiA---AgA---A^-A---Aei®^^)) 

/ _ ^ _ _ ^ _ 

= ® Ci A • • • A A • • • A f - 1 ® Ci A • • • A A • • • A 

+ K^AC^A--- AtA---Ag"A--- Ae^®w) 

l<i<j<d 

+ H AC^A--- Al^A-.-AfA--- Ae^®u)) 

+ E [CTA6A---AtA---AtA---A|^®i-) 

l<i<j<(i 

= (^i«)aA---AelA---A^®'y-l(8)aA---AllA---Ae^® ^,v) 

2 = 1 

+ II (-1)^+^(1® [C»,Cj]ACrA---At A •••Ag"A---Ae^®w) 

l<i<j<d 

= to). 
Since d, d' and (^"^ commute with g-actions, 

d{'p'^{D (g) m)) = Dd{if'^{l (g) m)) = ^/-^(^'(l (g) to)) = /-^(^'(i:' g) m)) 

for D e U{q). Consequently, the diagram (|4.8p commutes and the proof of the 
theorem is complete. □ 

5. Construction of modules 

In this section, we will construct an i^^gx-module V associated with a (t),M)- 
module V , which can be used in Section 0] for the realization of cohomologically 
induced modules. 

Let Vy be the X-equivariant quasi-coherent Oy-module with typical fiber the 
M-module V. Let p : Ox g)c — J' 73s: be the map given by / (g ^ ^ fix and 
put T-L :— ker p. The Ox-module H is G-equivariant with typical fiber (). Hence 
a section ^ e H is identified with a f)-valued regular function on a subset of G 
satisfying ^{gh) = Ad(/i"^)(^(g)) for h £ H. Let S,,^' e H. By regarding gx = 
Ox g)c as a submodule of U(gx) = Ox g)c U{g), we have := - ^'^ e "H 
and = [Hg), with the identification above. If we write ^ = J2i fi^S.i 

for /, e Ox and G g, then ^(g) = Mg) Adig-^)ii,). 
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Let A be the subalgebra of i^^U(gx) = i^^Ox ®U{q) generated by i^^H, 
and i^^Ox ® 1- We view i~^U(Qx) as an i^^Cx-module and consider the inverse 
image Oy Oj-iQ^ i~^t/(0x)(— Oy®C/(0)) of [/(gx)- Let A be the image of the map 
Oy^i^-iox-^^ ®j-iox «~^^(0^) sothatA~A/{An{i-^lY<»U{Q))). Since 
A - {i^^Iy ® U{q)) C i^^Iy ^ U{q) in the algebra i~^U(Qx), the algebra structure 
of A induces that of A, and Oy €5)i-iOx ^~^U(qx) becomes a left ^-module. 

We give a left ^-module structure on Vy in the following way. We view a 
local section of Vy as a F-valued regular function on a subset of K and define a 
(1 (E) i^^H)-action and an {Oy (E) l)-action by 

for G i^^H, V E Vy, f G Oy, and k £ K; define a (1 C>5 €)-action on Vy by 
differentiating the if- action on Vy. These actions are compatible in the following 
sense: if fi G i~^Ox, Vi G ^ and G i^^V. satisfy 

i 

then we have 

(5.1) ^(/^|y = 

i 

for G Vy. In the proposition below, we will see that these actions give a well- 
defined y^-module structure. 

Let V :— 'Hom-^{Oy ^i-iQ^ i^^U(gx), Vy), namely, V consists of the sections 
V G %omc{Oy ®i-iOx i^^Ul^x),Vy) satisfying 

v{{l ® r]){f (g) D)) = (1 (8) r]){v{f ® D)), and 
v{ff®D) - W ®l){v{f®D)) 

for /, /' G Oy, D G U{q), r] e t, and ^ G i^^H. We endow V with an z~^'gx-module 
structure by giving {f E) D) ■ v as 

((/ (g) D) ■ v){f (E) D') = v{f' ® (1 (g) D'){f (E) D)) 
for u G V, / G i-^Ox, f e Oy, and D,D' G U{g). 

Proposition 5.1. Let V be a ([}, M) -module. Then the left A-action on Vy given 
above is well-defined, and the i~^Qx-'module 

V := Hom^{Oy E),-iOx U{qx). Vy) 
is associated with V in the sense of Definition \3.3l 

Proof. Let fcp G K and yo :— k^M G Y . We fix a trivialization near in the 
following way. Take sections ^i, . . . G i^^H on a neighborhood J7 of yo in 
such that the map 

n 

1=1 

is an isomorphism. Take elements t^i , . . . , ?7„j G t such that they form a basis of the 
quotient space tj Ad(fco)(m) and take C,i, . . . ,C,i G g such that 771, ... , rjm, Ci, . . . , 
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form a basis of the quotient space q/ Ad(i(fco))(). Replacing U if necessary, we get 
an isomorphism 

(5.2) ^ i^^'Ox ®c q)\u, 

n 7n I 

hi,...,hi) y^Y^ f,i, + ^(g,; ® T],) + ^(/i, ® Ct)- 

For integers s,t > 0, let 

OG 

Is,t := {i - (*(1), . . . , : 1 < *(1) < • • • < i{s) < t}, It [] 

If s ~ 0, the set /q,* consists of one element (). For i = . . . , i{s)) £ Is,i, we 

put Ci := 1 18)0(1) ■ • -Cils) e i^^Ox ^[^(g). If s = and i = () then put Q := l®!. 
In the same way, for i' — («'(!), . . . , i'{s)) G Is,n and i" = (*"(!), ■ • ■ , e /s,m, 

put := Ci'(i) ■ ■ ■ £.i'(s) and ry^" := 1 (g) ?7i//(i) • • • rjin^s)- From the isomorphism (|5.2p 
and the Poincare-BirkhofF-Witt theorem, we see that a section of i~^U(gx)\u is 
uniquely written as 

^ ] fi,i',i"^i'Vi"Cij 

where fi^i'^i" G i^^Ox, and fi^i'^i" = except for finitely many (i, i', i"). Hence a 
section of (C'y®i-ic)^i^^C/(0x))|(7 is uniquely written as a finite sum J2i i' i" fi i',i"^i'''li"Ci 
for fi,i',i" eOy 

Lemma 5.2. The subsheaf A\u of Oy '^i-^Ox "i-'^Ui^x) consists of the sections 
written as a finite sum 



for fi^y, G Oy 



Proof. It is enough to prove that for any section a ^ A\u there exist functions 
fi',i" £ "i^^Ox such that 

(5.3) a-Y fi',i"^i'Vi" e ^~'IY ® U{q). 

• I ■// 

For this we observe relations in the algebra i~^U(^x)- By our choice of ^i, . . . 
and r/i, . . . , 77^, we can find Z^, gi G i~^Ox for each r] such that 

/ rn \ 

(l(g)?7)- (y2^^^^+H9^®^l^) ei-^lY®U{Q). 
^1=1 i=l ^ 

We also have 

[6,/«)l]=0, [1®7;,1®7;'] = 1® [77,77'], [I(g>77,/(8 1] = (77x(/))«>l 

for / e i^^Ox, VtV' G ^- Further [1 CS) ?7i,Cj] G i^^H and hence there exist 

fi,j,k,gi,j,k e i^^Ox such that 

n n 

Ki' ^j] = X! fi,3,kik, [1 (8) 7/i, ^j] = ^ 9i,],k£.k- 
k=l k=l 

Since .4 is generated by i^^H, 1 ® { and i^^Ox ® 1, we can prove (|5.3p by using 
these relations iteratively and using A{i^^lY ® U{q)) C i^-^Iy 8) t/(g). □ 
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From the lemma above and its proof, we see that the algebra A is generated by 
Oy <8) 1, 1 dg) ^1, . . . , 1 18> and 1 ® 1 with the relations: 

n m 

1 ® = ^ /i (g) + ^ 5i (g) ?7,, 

i=l 1=1 

1] =0, [l(8)?7,l(g)77'] = l® [77,77'], [1®77,/(8)1] = (77y(/))(g)l, 

n n 

fe=i fe=i 

where fi, gi, fij,k, gi,j.k are the restrictions to K of the corresponding functions in 
the proof of Lemma TS. 21 and / S Oy, V^v' G ^- We can check that these relations 
are compatible with the action on Vy (sec (|5.1|) ) and hence the ^-action on Vy is 
well-defined. 

By LemmaEm (Cy (?)i-iOx ''■~^U(gx j)\u is a free ^|(7-algebra with basis 1 (g)Ci- 
Therefore, the map 

^■V\u ^1[Vy\u 

ieii 

given by (j){v) — {v{l (X) Ci))i is bijective. 

Our choice of (i, . . . ,(1 implies that they form a basis of the normal tangent 
space of U in X. Since is bijective, we see that 

00 

<p{{t~'iYrv\u) = n n ^y\u: 

s=p 

and hence 

p-i 

(v/(7-ixyrv)it/~ n n ^y\u- 

s=Q ielsA 

If we endow the right side of the last isomorphism with Oy^ -module structure via 
the isomorphism, it is written as follows. Let / £ i^^Ox and v = {vi)i. For 
a subset A C {1, . . . , s} with A = {a(l), . . . , a{t)}, a(l) < • • • < a{t) and for i = 
. . . , i(0) e Lj, let {&(1), . . . , fe(s-0} = {!,•■•, s}\A with 6(1) < • • • < b{s~t) 
and put i' (7(6(1)), . . . , 7(6(s — t))) £ Is-t,i- Then the i-term of / • 7; is given as 

(5-4) if-v)i^ iiC^{a{l)))x ■■■iQ{a{t)))xf)\u -Vi'. 

Ac{l,...,s} 

On the right side here, we use the Oy-action on Vy. This i^^Cx-action on 
ns=o Hie/, , ^y\u induces an Oy^^-action. 

We now show that V/(7~^Xy)''V is a quasi-coherent and flat Oy^^-module. Sup- 
pose first that Vy\u is a free Ofj-module on U so there exist sections vj e T{U, Vy), 
j e J such that the map O®'' Vy\u, ifj)jeJ ^jeJ /j^i bijective. We define 
the map 

p-i 

^■.{OYjur' n 

s=o ieis,i 

by giving the i-term of tpif) for i = (7(1), . . . , i{sj) G Isj and / = {fj)jeJ as 

V'(/)i = ■ • ■ iC^(s))xfj)\u ■ Vj. 

Then ip is an isomorphism of Oy^ Ijy-modules and hence (V/(7^^Iy)^V)|c/ is a free 
Oy^ [[/-module. 
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For general case, we write V as a union of finite-dimensional Af-submodules: 

V ~ V". Then the if-equivariant quasi-coherent Oy-module Vy with fiber V" 
is locally free. If we define the Oyp-module structure on Hs^o Yiiei , '^y\u as in 
(|5.4p . then the preceding argument proves that it is a locally free Oy^ jjy-module. 
Since Vy is the union of Vy , we see that {V / {i~^lYyV)\u is isomorphic to the union 
of ris^o riig/^ , "^yIu as an Oy^ [[/-module. Hence V/(?~^Iy)^V is a quasi-coherent 
and flat Oy -module. 

We define a if-action on V by 

{k ■ v){f ®D)^k- {v{{k-^ ■ /) ® Ad{i{k)-^)D)) 

for k ^ K, V ^ V, f ^ Oy, and D e U{g). This action descends to a if-action on 
V/(i~^Iy)^V and makes it a i^-equivariant Oyp-module. From this definition, it 
immediately follows that the maps V / {i~^Iy)PV V / {i^^IyY^^V and i^^gx ® 
V/{i-^IyYV V / [i-'^Iyf-^V commute with X-actions for all p > 0. 

We have checked conditions (1), (2) and (3) of Definition 13.31 We can verify the 
condition (4) by computing the t-action as 

{Tj-v){f(SD) ^v{f(SDri) 

= -vif ® [?7, D]) + viil ® 77)(/ ® D)) - v{{r^y{f)) ® D) 
= -vif [r?, D]) + (1 ® 7y)(«(/ ® D)) - viivyif)) ® D) 

for ri ei, V eV, f e Oy, and D e U{g). 

For the condition (5), we get an isomorphism of vector spaces t : V/ {i^^Io)V ~ V 
by taking fiber of the isomorphism (f> : V / {i~^Iy)V ~ Vy at o. The map l is written 
as l{v) = {v{l (g) l))(e) for v eV. For ^ £ (}, there exists a section ^' g near 
the base point o such that I (E) ^ ~ € i~^Io ^ 0, or equivalently, £,'{e) — Then 

^i^v) = ® - iv{l ® 0)(e) = (vime) = ® l)(e)) = ^^(i.). 

Moreover, we have 

i{mv) = ((tow)(1 (g) l))(e) = (to(w(1 ® l)))(e) = m{v{l ® l)(e)) = TOt(w) 

for ni G M and hence l commutes with ([), A/)-actions. □ 

Remark 5.3. The i~^5x-niodule V constructed above in this section has the fol- 
lowing universal property. If V" is another i~^gjf-module associated with V, then 
there exists a canonical map V' — > V such that the induced map 

is the identity map. Moreover, it also induces an isomorphism 

V'/il^'^IyfV V/{i-^IyfV 

for any p G N. Therefore, the tensor product i^^i+C ®i-iOx ^' unique up 
to canonical isomorphism. We will give another description of the i^^gx-module 
i~^i+C ®i-iOx ^ Proposition 

6. Twisted P-modules 

Retain the notation of the previous sections. Let y be a ([}, M)-module and 

V an i~^gx-niodule associated with V. Since V/(i~^Iy)V is a X-equivariant 
quasi-coherent Oy-module with typical fiber V , there is a canonical isomorphism 
V/(i~^Xy)V ~ Vy. We view V. := ker {p : Ox Q ^ Tx) as a subsheaf of U{gx)- 
Since 'H{Xy®U[Q)) C ly ®J7(g), the z^^H-action on V induces one on V/ (i^^Iy)V. 
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By regarding local sections of these equivariant modules as vector- valued regular 
functions, this action is written as 

(6.1) {iv){k) ^ amHk) 

for ^ G i^^H, V E V and k E K. Indeed, since the action map i~^%®V / {i^^Xy yV — >■ 
V/(i^^2V)V commutes with iiT-actions by Definition 13.31 (3) . it is enough to prove 
(jOT) for k^e. This follows from H(Xo ® U{$)) dlo® U{q) and Definition [33] (5). 

The Oy-modules C, Vy, fiy, and i*ri^ are A'-equivariant with typical fiber 
f\^°^{t/{), V, /\*°''(£/m)*, and A*°^(0/'))i respectively. Hence the tensor product 
C^Oy ®Oy ®Oy is ^Iso X-equivariant and has typical fiber A*°^(VO ® 

V (g) }\°^{t/m)* (g) A*°''(0/t))- We give a right j-i-H-module structure, a right I- 
module structure, and a right Oy-module structure on the sheaf £ (E)Oy ^y ®Oy 

(Sioy «*^x by 

{{f (g, V (E) uj (g) uj')0{k) = -f{k) ® {^{i{k))v{k)) (g, uj{k) ® w'(fc) 

- f{k) g) v{k) g) uj{k) g) ad(C(i(fc)))w'(fc), 
(/ (g) w (g) w (g) uj')r] — -(rjf) igiviSiUJiSiUj'-figi {r]v) (g) w (g) w' 

— / g) w (g) (rjuj) g)a;' — / g)vg)wg) (ryw'), 
(/ g) w g) w g) w')/' = f'fg)V(gUJ(gUj' 

for / 6 £, ^ e i-i-H, 77 e «, w e Vy, cj £ Oy, w' e 1*^)^, f e Oy, and k e K. 
These actions are compatible: if fi e i^^Ox, rji Et and ^ e i^^H satisfy 

Y,^^^®'n^)-S,ei-^IYg>u{Q), 

i 

then we have 

'^{{f g)vg)u:g)u:')f^\Y)■q, = (/ g) w g) cj g) cj')^- 

Therefore, we can prove in the same way as in Section [S] that these actions define 
a right ^-module structure on C g)Oy Vy ®Oy ^y ®Oy i*^x- 
By using this right ^-module structure, we consider the sheaf 

{C g)OY Vy g)OY ^Y g>OY ^*^x) <»A i^Y g)t-^Ox i'^Ui^Qx)), 

which has a right i~^gx-niodule structure. We view it as a left i^^gx-nrodule via 
the anti-isomorphism 

S:U(bx)^U(qx), l(g^K^-l(g^ 
for / e Ox, (.EQ. 

Proposition 6.1. Let C be as in Section^ Let V he an i^^Qx-fnodule associated 
with a (t), M) -module V. Then there exists a K -equivariant isomorphism ofi^^Qx- 
modules 

i-^i+C g>^-iOx ^-{i^ ®Oy Vy g)OY ^y g>OY ^*^x) ^I^a (^y g>^-^Ox i^^U {qx))- 

Proof. Let Fpi'^i+C be the filtration oii^^i^C as in SectionH) Then Foi^^i+Cgj^-iQ^ 

V is regarded as a subsheaf of i^^i+C g)i--i-Ox V (see Remark l4.2p . We have 

Foi~^i+C (gi-iQx V - Foi-^i+C g)oY V/(r ily)V 

o^Cg)OY ^Y g>OY i*^x ®Oy V/(i-^Xy)V. 
Therefore, we get an isomorphism of X-equivariant Oy-modules 

(6.2) Vo : C gioY Vy g)OY ^Y g>OY ^*^x ^ Foi^H+C g),-io,^ V, 

f g) V g) OJ g) oj' 1-^ {f g) UJ g) uj') g) V. 
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Here v € Vy and we choose a section of V that is sent to w G Vy — V/(i^^2V)V 
by the quotient map, which we denote by the same letter w G V. Write Vy := 
C^Oy <S)Oy 'S'Oy i*^x fo'^ simphcity. The isomorphism (j6.2p extends to the 
homomorphism of «~^gx-inodules 

tP:V{-(E)c {Oy (E)i-iOx i^^U [qx)) r^i+C ®i-iOx V, 
v®{l®{f ®D))^ S{f ® D) ■ Mv)- 



We can check that the map ip descends to 



Let 

TT : Vy ®c {Oy (E)i-iOx i^^U(Qx)) Vy ®^ {Oy ®^-iOx ^^^U{qx)) 
be the quotient map and put 

Vp :=^(V^0c {Oy ®cC/p(0))), 
where {C^p(0)}peN is the standard fihration of U{q). We have 

V^(Vp) = V(Vy ®C {Oy ®C Up{Q)) C Fpi-h+C (g),-iOx V. 

Let us take an open set U C Y and elements Ci , . . . , C; € as in the proof of 
Proposition 15.11 and use the same notation. Then by an argument similar to the 
proof of Proposition 15. 1[ we obtain a bijective map of sheaves 



n n K\uc^vp\u, 

{vi)i ^ ^ 7r{vi (g) (1 (X) Ci)) 



and hence we have 



n K\u^vp/Vp, 



i\u- 



We also see that 

{Fpi-H+C®,-iOx V)/{Fp^ii-\+C®,-iOx V) - {Fpi-\+C/Fp^ii-H+C) ®Oy W 
and 

Fpi-H+L/Fp^ii-^+C ~ C ®Oy ^y ®Oy i*^x ®Oy r\{IyT /{lyf^^) 

by [Oshlli Lemma 3.3]. Since (^i for i G Ipj give a trivialization of i^^((Xy)P/ (Zy)P+^), 
we conclude that the map 

Vp/Vp_i -> {Fpi-^i+C ® V)/{Fp^ii-^i+C ® V) 

induced by V' on the successive quotient is an isomorphism. Therefore the map ip 
is also an isomorphism. We can also see that ■0 commutes with /T-action. Hence 
the proposition follows. □ 

Let A G f)* such that Ad* (ft,) A — X ior h ^ H. For a section ^ G we define a 
function /j.a G Ox as 

fi,^{gH)^mg)). 

Let Ia be the two-sided ideal of the sheaf U{qx) = Ox (S) U{q) generated by 
^ — {f^,\ <E> I) for all ^ G 'H. We define the ring of twisted differential operators as 

Vx,x := U{3x)/Xx. 
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Let /i := A|m and define I?y,^ similarly. Then we can define the direct image of a 
Py_^-modulc M by 

i+M := (^oy- i^v) ®T>Y,-^ i*Vx,-x) ®Ox 

Suppose that F is a (f), Af)-module and () acts on F by A G [)*. The i<r-equivariant 
Oy -module £ ®Oy has a natural structure of left 2?y^^-module. Therefore, we 
can define the direct image i+{C ®Oy ^y) as a left 2?x,A-inodule. 

Proposition 6.2. Suppose that V is a (t), AI) -module and t) acts on V by X ^ t)* 
such that Ad*{h)X = A for h E H. Let V be an i^^Qx-module associated with V. 
Then we have a K -equivariant isomorphism of i^^Qx -modules 

i~^i+C ®i-iOx ^ — *~"^«+(£ ®Oy ^y)- 

Proof. We define a filtration Fpi^^i+{C ®Oy ^y) of i^^i+{C ®Oy ^y) in the same 
way as Fpi~^i+C. Then 

Fai-^i+{C ®Oy Vy) ^ C ®Oy ^y ®Oy ^y ®Oy ^*^x- 
By using the same argument as in Proposition 16.11 we define a map of i^^gx- 
modules 

Vy 0c (Oy ®^-lOx ^^^U(5x)) i^^i+{C ®Oy Vy) 
and we see that it induces an isomorphism 

V(.(8)^(Oy ®^-^Ox i^^U{Qx))^i^^i+{C(i)OY Vy). 

Hence 

i~^i+C ®i-iOx ^ — ®Oy 
by Proposition 16. II □ 

Recall that C is the if-equivariant invertible sheaf on F = K/M with typical 
fiber A*°^(VO- We view a one-dimensional vector space A °^(V0* ^-s a (f),M)- 
module in the following way: t) acts as zero; the Levi component L of M acts as 
the coadjoint action A Ad*; the unipotent radical U oi M acts trivially. Let C be 
an i~^gx-module associated with A °^(V0*- Then C /{i~^XY)C' is isomorphic to 
the dual of C. Therefore, by Proposition 16 . 21 we have 

Example 13.61 shows that the i^^gx-niodule V ^i-^Ox ^' associated with V ® 

A*°''(VO*- 

Theorem 6.3. In Settina \3. 21 we assume that K is reductive. Suppose that V is 
a ([), M)-module and [) acts onV by X G I)* such that Ad*{h)X — X for h G H . Let 
M — L K U be a Levi decomposition. Then 

top top 

top 

for s G N, u = dim U , and y = diniF. 

Proof. The first isomorphism follows from Theorem 14.11 and the argument above. 
Since the functor P^'^ is exact, {P^'^)u-s — {P^'l)u-s ° P^'l - Hence the duality 
f |KV95l Theorem 3.5]) 

top 

and dim K/L = dim U + dim Y give the second isomorphism. □ 
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By Theorem 16. 31 we obtain the convergence of spectral sequence 

top top 

(6.3) ff(x,i?vvy) => ip^':L)u-s-t{v ® /\{t/ir ^ 

top 

c.{ii:^)y+^+'p^'j:{v®/\{g/u)). 

Here is the higher direct image functor for a twisted 2?-module. 

We now see that this spectral sequence implies results of |HMSW87] and |KitlO| . 

Example 6.4. Let Gm be a connected real semisimple Lie group with a maximal 
compact subgroup Kg^ and the complexified Lie algebra g. Let K be the complex- 
ification of K]^ and G the inner automorphism group of g. There is a canonical 
homomorphism i : K G, which has finite kernel. Suppose that H is a Borel 
subgroup of G. Let us apply Setting [221 Then X — G/H is the full flag variety of 
g. Since L is abelian and K is connected, L acts trivially on Moreover 
in this case it is known that Y is afhnely embedded in X. Therefore, ~ for 
t > and the spectral sequence (|6.3I) collapses. We thus get (|l.ip and hence the 
duality theorem (Theorem II. ip . 

Example 6.5. Let Gk be a connected real semisimple Lie group with a maximal 
compact subgroup i^R. We define K, G, and i : K ^ G asin the previous example. 
Suppose that 7J is a parabolic subgroup of G and apply Setting|321 Then X = G/H 
is a partial flag variety of g. In this case Y is not necessarily affinely embedded in 
X. Let X be the full flag variety of g and let p : X ^ X he the natural surjective 
map. Then we have an isomorphism W{X,p*J^) ~ H*(X, Ai) for any Ox-module 
M. Hence (j6.3p becomes 

top 

which is |KitlO[ Theorem 25 (6.6)]. 

Let V be any (f), Af)-module and V an i^^gx-module associated with V. Since 

i^^i+C ®i-iOx ^' — i^^i+Oy , we have 

We can thus rewrite Theorem 14.11 as 

Theorem 6.6. In Setting \3.2l we assume that K is reductive. Let M — L tK U 
be a Levi decomposition. Suppose that V is a {\), M)-module and that V is an 
i~^Qx-module associated with V fDefinition \3.3\) . Then 

top top 

R^Y,z-h+OY ®^-^Ox V) ^ {PIl)u-s(v ® /\m* ® /\{q/^)) 

top 

^{il'^)y+^Pl'j^{y®/\{Q/\,)) 

for s G N, u = dim U , y = dimK. 
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